
UNCLASSIFIED

AD 414115

DEFENSE DOCUMENTATION CENTER
FOR

SCIENTIFIC AND TECHNICAL INFORMATION

CAMERON STATION. ALEXANDRIA. VIRGINIA

UNCLASSIFIED

0



NOTICE: When government or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. S.
Government thereby incurs no responsibility, nor any
obligation whatsoever; and the fact that the Govern-
ment may have forulated, furnished, or in any way
supplied the said drawings, specifications, or other
data is not to be regarded by implication or other-
vise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that my in ay way be related
thereto.



9w4

'-4

A Bibij~ y Gn FurctonclEund-ns

__ 1 61 5 2. -6 62

GI - _ _ ITrgnk

lA

Ml=IT1J DE PHYSIQUE THEORIQUE
do ljnivft do um



Best
Available

Copy



/P

f- -deGe-v

ABibliography, on Functional Equatns.

/ First Version /

/nualSummiry Rener No. I~Cnhc

SGy?3rgy 1. Targonski

(1~ -~ A1.'~- ~ Institut de Physique Th~orique de I !UniversiM
4e Gen~rve

The research reported in this document has been sponsored by the

OFFICE OF SCIENTIFIC RESEARCH, OAR, through the
i

European Office, Aerospace Research, United States Air Force,

under a personal contract with the author.



- I -

GpprOximately the '.11 of 962,. iti M 1C ~i'5'N o4 5 S O f 00Po--S r"~ books
up to the and of n945 1 7'sit ?.,o P6 Ont "2n ihe ccilnts

This sij -S~oi -2uei to Nha fac tfhf- Ole~~'t notr Ubie N0 4devote
mo.'e than a "elio;r -D kili lrjj b~ a e

all e It ini;d '

ifn oro le such a .Wii 1a 3 v.~ no i~ qlirs tO aorne
a Functional Equation, Thia hAo lbosn &-ona in the pzs In zo~o ar yi somec of which
app~ear too Widle, othis 'a-rGe-w

aIn the vanssCl cr.,z, 0 Functional <olnis "an equatior. which Servies
to de crnine One, otr.~ )jknovn functions, or clc ,es co' Buch '-nctions. In this ;Onse,
OVOrY difoi~fe'~, nd lnleg!al i-tion i~ aiso v Furcfional Equation ; to
compile a bioz-orky zn wh , aide classi is aon~ozt zttinly imp-ossble and enowt Cer-
tainly unrecessv-r.

~~ and 1n41txmi o cvQ'~~a' beer. descritmd in
0 very Ire nuaTeir 01 encefli ? ok, e-mily crcczAlk.l ro uv~w inr!oiied
they also 6aver 6 veaz, lit tu~a Of e- cc on5pown-jt4 .i diffIcult even~ to
follow, Let us then zzciic 'Functior n! P anAr ,bos functira1
enuotiom whlich na nei~Ho ffr nk -,'T 01-r'eaccir .~ ~ io~a~ nor a
mixturs of t"S0 W- do t4.:Y an6:& ot l H i> dl3 ,-v ,icee a intcgrJc op ?rci-
to's, Th'4! N the Feesent auth, r' decfinit.on of a functioncl ,i-~ C&histo,;ical'
definition rchtth-n an ca -ozrcsii onu, cnd a si&h''I aulld h.o most cager to
see replace'djb. 0 a tta'o01'e, I? vcraio-.:: tJt n'rowar definition~i
exist, Which Co ton imi..1tc6 :r-ate, , T rsi C thea on
Ac Z61 s bcok, on~o of On -.,a -va o -a pul o on f-'nctional equtoos!
This ncroww, definiftk.i is b''~"fudd ut on stlli fecls iha R is d&%crip6-:e eather
than ortential ,and t6e Caiitkn Mc o jbve* rw(Eks aut tho. fcnnous Abe; sqcution,

the first functional #aqiatioo to btcorne known and p oleby the most important or' thwn
all, The recson fow this exclusion is intef-wsting. "he cucrent 1 ~d tc dfinition
mentioned above tends 11o rule out functional equations in which the number of vcgia-
bles is not higher than 4ha nur.6er of vorlable3 in the unknown function., The reason
is that such equations are ratw' difficult to solve, and their solution requires quit*
different methods, Let us, in contreit to (1), see a functional equation which is
"admissible*

(2) Y J
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I.e. a so-cialed addition theorem for th, uni.nwn .'mncion Fy). Here, the number
of variables in the oquation Is 2, while thu unkrw'y,.t "unct;on is of one varible, We
have, so to speak, one degree of freodom w cr, ti, lize in inany vays; we can put
e.g. xNy " y o, y = -1- id Ohtcir. -oni (2) ivan vluaft;cns2

()(0) f (2xh F ;x f

Pc (ax) f~o

which con olso be combined among thernives, g. (3) (b) and 13) (c) I all of them
are separately equations of the type of (1) ; It is no wonder that Iiterature on the equations
of the typo oft2) Is Ovetv-ihlming1 I la% than h-t tf type (1) and that some definitions,
as said, tend to rule out typs (I) - thIh latter, 1owev-, Is the mo-e fundamental and, In
the long run, nre importm',; in any cae, they -rn includf in our 'historical definition"
and thus In this Bibliography. We exclud~d syn.rri if functional equations, a I;mitatIon
one has to admit to be a little arbit.ay. Eq.iliy a '3itrary wcas the way the line had to
be drawn towards the folgds sf mathmatlA ho-tdering on that of 7unctional eqjatiolo,

* Let us describe the way the line w..s drawn in e-ch ct,,

The most closo tie linf: the 4,iarvy of functional e7ntions to Iteration
theory ; In fact, It is unrotuel a nd ,ven x,.'ie 'o contdw fhw m n two differnnt

theories.. teation metboc ao ndiendobiv 'r. %.; A ountinorz of type (1) ; on the othe,
hand, fn the %olution of the prol6lm o;,. y .'otAn index', one of the molt impor-
tant pxrblotm 4f itertion theooy,, flik "m. o o, i o,, nii 'f-and v!on equaion"

(4) F FIXrV), ] A: , ti
' 

) 
+

which, in its turn, leads fo A l equatior. 0';

Still, in racticn, t vc, not :.o d'*fi.ult to find a dividing line ; claly
Facticolly all numewical appcoximation ir:thcr ; n,,, iteoation mathods, the p'actlcai
value of which h.3s been immensely inwbatd -tinca digital Olectronic computes are
avilable 1 the vm no question of Including any part of the vast literature of thote
methods. Iteration theory was Included In cr' i m whr5 fonctioncl equatiors are
Involved in on essential and explicite w.--/.

Another field inlimaely rA.vtod t'o aunctianal mtions is that of calc,-
lability and nomographabslity. To quoke u .;imp.a ux-'p's - hi oeder to calculate a function
w - f ( x, y, z ) by a normagram of poinis in aien&ent, one needs first a "simple"
nomgram consistlng of two curves, lirking g to ,,, anrJ t~tun a secand such nomogram to
link the result to z. A necessary condt in F1>- t' .nnn.grcphability is thus that solutions
g, h ,hould exist to the funcv;oni! :qunflon

~~%5) f(,~,) z
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Such topics have been included but only if the nomographic side is not predominant,
It is planned to odd to the final version of this bibliography a special list of works
on what one could name "theoretical nomography .

As said, equitions containing differential o. rators were excluded, so
was the theory of geometrical objects, which forms a separate branch of mathematics,
On the borderline between unctioal equations and algebra, the functional equations
of distributivity, associativiby etc.., had to be included ; in Fact, the conhibutiom
of Abel to this subject ware among the first results of the theory, Oeepe-going inves-
tigotiom however, such as the theory of continuous rroups, form a domain by themselves
and had to be omitted. imilor conside ation pro I vs to leave out the theory of
stochastic processes, ; rotod in probability tL-y; one or two papers related to
the common generolizc .ro, of exporwntial and Poisson. dstrib%,Aons were included due to
their exclusive reliance on the cplpopriate functional equation,

Number & horetical functior, strongly multiplicctive functions etc...,
were excluded on the ground that these are Tunctions ' of positive integers only; again
we are facing an established part of number theor/. This is in line with our tendency to
collect the "floating" inasrial of the functional squctions, not firmly or exclusively
attached to any estabiished branch of mathematics, and- as one ha pes- to be organized
into one of the mast interesting branches of our science,

Functional inequalities d& not, as a matter of fact, enter this bibliography;
due to thiir very generel c: aracter, tHey determine properties of functions rathei than
functions or even 'classes" of them,

Thus we have drawn the bordienIne seporatir-a the subject of this biblio-
graphy from other branches of mathematics ; even this brief survey shows the central
position of this discipline within mathematics - a view, one may add, perhaps correct

only seen with the eyes of thane interested mairny in functional equations

The comment on the paper, given in port 11 , does not tend to describe in
detail the contents, this should have multiplied by a factor of ten the size of this biblio-
graphy. The aim was not even to describe the main theorem, but rather to inform the
reader about the problem which is solved, or treated in the paper in question, and, mare
often than not, to give the equation which is solved, This, it is hoped, shall be useful
not so much to the mathematician, but to the physicist etc o, facing a functional
equation and irving to locate iteroture on it.

Onelost remark . this bibliography does not pretend to be complete;
the author shall be grateful to colleagues pointing out errors or otissior, he shall
equally welcome lists of publications, reprints, and other material which may render the
final version of this bibliography more useful.
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Same technical remarks.

The notation FE (s) stands for Func.iorml Equation (s)

The title of a book is given in the lcnguage in wv,ich it is vritten, and an English
tramlation is aX2, The title of a papr is always given in English, and on abbre-
viation points out the language in wh -it is written.

The abbreviations are '-A. llowing

C Czech I Italian
D Dutch J Japanese
Do Danish P Polish
E English Po Po''uguoss
Es Esperanto R Ronaniar,
F French Ru Russian
G German S Spanish
H Hungarian Se Serb, Croat

The books and papers are given in the alphabetical order of the author, and, for one author,
in the orde of publication,

Within the aiphabetical order, 8 has been taken as oe, otc.
For languages using an clphabet other than the latin, the uuai phonetical transcription
has been used, in case of doubt, the narne figurw in boti form : one with a reference
to the other form, e.g. "Wilner, s-e Vilner '

In the case of papers written by several authors, the prjpr ruRges under the name of the
author first in alphabetical order, in the rore case, however, where the alphabetical oder
was not followed in the tit le of the paper, the nome figure under the name of the first
author, irrespective of clphabetical order. The name of the other authors figures of course
also in the list, with a reference to the first.

Some papers were added to the bibliogi'aphy at the lost mornt and for these thee is no
comnent, only the reference, they are denoted by an
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Abel, N.H. A ger-al mslfhod to find unto of one vcriabie if c
property of irhis function 15 exixesseid y an equation in

* two variables ( F )
Mag. Naturviderskab., 1 (1823) repinted in Orivvres

D 04 rpnition of !n funicton by neazof an equation which
conto .ns orvri~e onl ( F)

4vetiotir~of furictionm om .de~ ib~
. and s i r V((; 1 -f~~eY~

F E Z, (,,,,y,)j is -, .5ymmetric Function of z,;4 Cnd y 0- ~
J.f.Mth *1(1!2)Ozuvjer Ed, Sy',ow *t L e) 1, 6 1-65.

Invefatirns on ima ~ rerlemn + 2

Oeuw~re- Coe5 1 1826", -19-250.

On functions satisfying the equation IF# W = 1 xr- + Ofx
Oeuv'ires crianos 1 02~27/1 3"69-39'C"

Alaci,V. Pseudo-homnogenaus functions ( R)
Rev~. mat. Timisoara 3, no. 1 (1923) 3-4.

Pseudco-homnogerous functions cnr4 a nevi class of diffsran~ic
and partial differential equctionr, ( F)-,
Bull. sci. EcoIe- Poiyt. Tirnisocre 11 (1943-1944) 6-13.

The analytic soazution of a functional -stan ( F j
Bull. s;ci Ecoa Poiyt, Timiscw-, 11 (16943-19U.) 174-~17~3

On two F Es Fi
Wnthewratice Clul -i~~aa19 tiQ-Q) 28-25,

Alexiewicz, A. and Re :)c n k;-. "'E =: :,fl .:-u)

Crlicz, W. Fundt-ns-1a nrojta 1. 1.1 09f!6$ 31il-1l5

Altr W. On rea! ul 7n On . . n vv-c- 31±1 ~in 0; mir;o

Amaldi, V. (see P dncerl-e, S,)

*Andrade, J. On Paissoy, s FrE ( F)

Andreoli, G-, Onr. cii rx'rA x!d!mV 'FEyr U~TIJ



Auigelesco, A. On a funcrm ~roprv c4i: o i()

On cnim-e th irtle cnd 'Wh logarithmic.

On G F 2

Cu." .Sao 194 C13 I ul 4931 I'S- 45

-n 0 FnE-1~ n ~F
(F)

C.R. Pai IN'~ (1932

On f-h Fmegn o,--
(F)

~. sci.~C !ewy IC' C19-15 9916. 2-94 4-4

On a PEcq~'Moit P 45iy ki n %/2.;-) Y(x).le (F
C.R . cr~r.h3. 61 ',7) 1322-124.

ofmubnr~ 6i(' FE () F'4

* Appel, P. Ocen.n ei fn-ez- thab tasc di

On euna* :cs suc t~uce oF (sin F (A).Iet~F)
AcR. Acad. S 15 U 879) 21-1024

On tnac iff~rnial J fey) d the ini-r9aid yoreh snmtsfc a'y cr
ofreo V vd= ~)F(F).

Acia With. 15 OIC9) 21315.
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Atmian, G. Constructing mean values of several variables II (G).
Math. Ann. 111 (1935) 713-730.

Now, R. ATheoryof Crossed Chcracters. (E).
Trans.Amer.math. Soc. 54 %194.) 103-170.

&bb ge, Ch. Algbraical anaiyss of FEs ( F ).
Amn. de mt. pur eppl. 12 (182'?/22) 731-103.

BSllantine, J.P. On a Certain Functional Conlition (E).
Bull. Amer.nth. Soc, 32 (1926) 153-155.

SAIa S. On the FE f( + y) = f(x) + (y)..1 (F).
Fundoarnrta nmth. 1 (1920) i23-124.

Sonoch, S., On ;.e+ olutio rnf a FE by J.Cl.Mbxviall F).
uzlewlcz, S. B l. Acad. poion.SI. (A) 0922) 1-8.

Beetle, R. D. On r-he CSninl"Ae ind danco of sch m ac 's Postulates
for the Arithmetic Me= ( E).
Math. Ann. 76 (1915) 44-446.

Belvbam H. On the dlgcbroicity of the m .e aphim.s of an
elliptic Function field ( G ).
Nachr. Gas. Wiss. G,ingen C2) 1 (1934-1940) 131-134.

SIl E.T. A Pcrti;i Is-.orph of Trogonorwe.ry E ).
Bull. Ar,.r.rwnh. Soc. 25 0918-1919)311-321.

Algebraic Aritimatic ( E ).
Colloquium Publicafions of the Amcrican Moathematical
Society 7. 01927) Now York.

Poss,!ble Types of Multiplication Saries (E).
Amer.rm.kh. Monthly 37 (1930) 4634-4i5.

FEs of To; ments ( E ).
Bull. Amer. ,Mah.Soc. 37 (1931) 14.

Dlseributiviiy of Associative Polynr.nlal Composltios E).
Ann. /With. 37 (1936) "68-373.

A FE in Arithmetic ( E ).
Trans. Amer. math.Soc.39 (1936) 341-3-44.

lemporod, G. On the arithmetic mean( I).
R.C. Accad. Lincei (6) 3 (t926) 87-91.

The significance of the arithmetic mean ( I).
R.C. Accad, Lincedl (6) 11 (1930) 789-794.

Bernstein, B.A. Postulates for Aheaion Groups and Flds in To.. of Non-
ssociative Operations ( E ).

Trans. Amer. nm th, Soc. 43 (1938) 1-6
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Siebembuh, L. ~Remarks on the Thirteenth Problem of Hilbert ( G).
J.reine angew. Math, 165 (1931) 89-92.

Addendum to the paperRemarks on the Thirteenth
Problem of Hilbert'( G ).
J. relne angew. tkoth. 170 (1937) 242.

Blumberg, H. Non-measurable Functions Connected with Certain
Functional Equatbs ( E ).
Ann. Moth. (2) 27 0 926) 199-208.

Ishnenblust, A. An axiomatic Characterization of Lp- Spaces ( E)
Duke math. J. 6 (1940) 627-640.

Borel, E., A problem of extension by isomorphism in the theory of
Delthell, R,, and relativity ( I )I
Frottini, G. Atti. Accad. Nuovi Lincel 76 1923) 94-98.

ludet, C. On operations in general and on linear differential equations
of infinite order (F ).
Ann. sci. Ecole norm.sup. (3) 14 (1897) 133-150.

On certain equations analogous to differential equations
(Witha reark by P. Appel ) ( F ),
C.R. Acad. Sci. 124 1897) 1431-1434.

On the problem of iteration ( F).
Ann. Fac. Sci. Tou!ouse ( 1) 12 rno. 3 (1 898) 1-12.

Boggi, U. On the principle of arithmetic means F).
Enseign. math 11 (1909) 14-17.

kovww,L. E.J. The theory of finite continuous groups independent of the
Lie axioms ( G ).
MAth. Ann. 67 (1909) 246-267.

hirstin, C. On a special class of real periodic functions ( G).
Ah. Math. Phys. 26 (1915) 229-262.

Burstin, C., and Distributive Groups ( G ).
Moyer, W. J. reine angew. Mth 160 (1929) 111-130.

Durstin, C. A contribution to the theory of functions of two variables (G).
T8hoku math. J. 31 (1929) 300-311.

Coccloppoll, R. On the FE f(x+y) =f() + f y). I).
loll. Unione m0t. Ital. 5 (1926) 227-22Mo

The FE f(x+y) = F [f x), ff)] (I).
Glorn. Mat. Bottaglini 66 (1928) 69-74.

Cantr, M. F with thrae Independent variables ( G).
Z. Moth. Phys. 41 (1896) 161-163.
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Carmichcemi, R. D. Or. HSi C E

;Bl- . (F m z 2. 3 -1'~~)14

A I . Acczd. Trn 1Ui-Yb 7-13

Cinnyey, A. On ac-is, of AbetNci:

bc4- J.~ 2 . x,.r 7

Certaine, j. 'The T Sn'T.'-Y Cjte Cdc C4 i up i )
Bu I n,- Soc. 4:2C (943) 0' -07

Lhini, M. 'On .- E 2'-L c gi-a risi t,:) itv'. rmc'r!cb" r-Nce

Clornnescu, IN. -O ;he cj~ ~ ~ on~ -orne
U~ '- -,'

So,- FE5 h linz w fiunc--on F )
Bul I. Sec. s-it PAcftz. Ro."Ij. 15 (1 D32-1931) 87-92.

Colucci, A. On th FE ~( -f'I)+ fi )

va.n der Ccrpuk,J. G. Goam e ric fucckam. b~th~ y 'a FE (D
Euc!ides 17 ,1940) 5.5-75.

Crenier, H. On Sch;&Zrm 'S FE cmnd t~Schwa.. pro!-,la or mppin9g "offle'.

84 1%1932).

Darboux, G. On tha I~w.rern of pro'~ -a i nsgaetry ( F)

Deslisle, A. Daterenition of the mmi ganerci function satisfying the
FE ofthe d functon G ).
No*h. Ann, 30 1I887) 91-119.
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Dlckmw, L. E. An e-*erasion of the Theory of '-'umbars by Yeors of
CorrespondencesbetwaolnSelels (E).
Bull. Amer. math.Soc. 23 (191 -1917) 109-111.

Homo-snouw Polynor.-s with a Muh-aplicction
Theorem ( E ).
C.R. Congr-z. Int. de. Moth. S-r'bourg (1920) 215-230.

Composition of polynomials ( F).
C.R. Pcris 172 (1921) 66z- 0.

Budedpest 19i4.

Dod E.L. The Chief Chcrocteristic of Statlsicn Moon't E),
Colo.ar& Co!kte Pub-. 21 (19-6) G9-92.

So.e Elanentary M&is; .d Their Prp.*rias (E).
Co!orceo Ce!ae Publ. 2i (1936) a5-89.

bmolawa, O.W. On the separa, ion of variable in an equation of any
nuber of onr-ab!es ( R14.
Ut chenie zpiski Msk. Gas. Univ. nom.28
0939) 43-54.

Folk, M. On the principal properties of ,walytic functions
of .one variable pos.essiro acdition themoems ( G).
Nova Acta Soc. Sci. Upsol. (4) 12 No. 8 (1907) 1-78.

Farkas, J. On iterative f.guc'ions (F ).
J. de Ma0t4h. 10 (1884) 101-106.

Fatou, P. On the uniform olutions of cerain FEs (F).
C.R. Acd. Soi. 143 0906) 54,-548.

On rational substitutions (F).
C.R. Acad. Sci. 165 0917)992-995.

On FEs and the Properties of certain bowndwles (F).
C.R. Acod. Sci. 166 0918) 204-206.

On FEs (second note ) ( F ).
Bull. Sc.. Moth. Froncee 48 0920) 33-94.

Favre, A. On homoge .ous functions (F ).
Nouv. Ann. Mwh. (4) 17 0917) 426-428.

do Finetti, B. On the notion of the mean (I).
Giorn. lii. itol. Attuari; 2 0931) 369-396.

Forment, C. On problems of Abel ( I).
Reale 1st. Lomb. Rend. (2) 8 (1875) 276-282.
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Franklin, P. Two FFs with Integral Argum'ents ( E)
Amner. matn. Menthly 30" C931) 154-157.

Frottini, G. (See Bcre-!, E.)

ftdchet, M. A Functioi D~afkiian of P;Dlyiorpais ( F.
Notv. Ann, Maoth. (4) 9 k1909) 145-162.

Every continuous functiorml can tbe developed into
a series of functionals of integral ortler ( F
C.R. Pm-is 148 (1909) 155-156.

On the FE f(x+y) =f(x) + f(y).(s)
Enseign. -oth. 15 0913) 390-393.

On ,-r orticle clx the FE
f~x+y) =f~x) rf-,, (. (F)
Enso-ign. mtatt-. 16 (1914) 136.

Frfthet, M., and Nororpy. .F).

Roullet, H. Nomiographis
Ed. Libroijie ArCcncI P ( 1928).

Frichet, M. On the smt g.;nerai cortinum.~ soiuti of c FE in
+a thecfy of prnbcbiilt', chain ( F)
C.R. Paris 195 (1932) 639-64.

The rn ct gcrnernl ccntlnuous sekition of a FE In
the theoly of p~~~ychuiir (ii
Bu!lI. Soc. Mujti. Fmmnce 61 (1 932) 24i2-27.

The maost genernoi cantinuis saluvion of c FE in the
theory of pro~cb!Wiy chains, Su-peament ( F)
MIt. Soc. M&,i. Freree 61 (1933) 182-185.

Fridman, A.A. On the question of the proof of t.he pmrclelogrom
of forces ( G).
Journal Soc. phys.-not. Univ. Perml 1 (1922) 33-Q3.

Galbura, G. On a caitoin functivonal equation .0i)

Acto Port. Aced. Sci. 5 (1941) 7-41.

Gerretsen, J . C. H. Cbaracternzetion of the goniomri~fc functions
by monsof aFE ( 0 ).
Eudlides 16 (1939) 92-99.

Ghermonescu, M. On some FEs of M.D. Pompeiu ( F
Bull. Sec. Scl. Aced. Roum. 26 (1943-1944) 582-585.

On a FE characterizing the polynomials ( F)
Mathemiatica Clul-Temoare 19 01943) 148-158.
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I $1-18CA.
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On m functional properk/ cerm:non to circle nnd
lot;th,,ic spirals ( R ).
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Ann, Mah. (2) 17 (1915) 't-4,

HodomardJ. Two Works on Iteration arid Relafad Questions ( E,
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J. sci. Hyrosh. University (A) 6 (1936) 69-P,6.

Toyoda, K. On Ax:iom of Linear Functons ( E ).
Proc. Imp. Ac. Japan 17 p'941) 221-227.

Vaidyanothoswamy,R. The Theory of Pultiplicctti'e Arithmetic Functions (E )o
Bull. Arne.-. rth Sac. 37 (1931) 42.

The Theory of Multiplicitivo Arithmra6ftc Functions (E )
Trans. Amer. rioth. S., 33 P93:) 579-662.

Veress, P. On the notion of mean ( H ).
Mat. fix lapok, 43 (1936) 46-60.

Vilner, I. A. On the norngrars of systems of equations and of
analytic functions (F ).
Akad. Nauk SSSR priki. Mat. Mech.. 4 (1940) 105-116,

van Vleck, E.B. A FE For the Sine (E ),
Ann. Math, (2) 11 (1910)161-165,

A FE for the Sine (E ),
Ann, Math. (2) 13 (19)3) 154.

van Vleck, E. B., and A Study of Certain Functional Equations for the
Doubler, F. H. AY -Functions ( E ).

Trans. Amer. amth. Soc. 17 (1916) 9-49.

Vivanti, G. A remark on functlonals admitting on addition theorem ( I).
Boll. Unione mat. Ital. 14 (1935) 244-246.

Volpi, R. Remarks on a purely analytical and elementary theory of
toonometrlc and hyperbolic functions and their relation with
the expometial Functions (I).
Giorn. Mat. Battaglini 41 (1903) 33-46.



*Ward, M., artd The Contnous llvctn i - Reol Fm!- m (E

* We~t~n, .3 FEs, G 3

Wendt, H. {See W

Wiener, N. Th, koorphis-ins of Cornpex A-'& ( E

Wison, E. B. lot' -)tIha Funclion:cm F~j(-m~njj
:~kc~ (4ilil) =4. F6 , % E

Arn. n, '. (2) 2 1'~3

Wilson, W.H~. On 3 Cw cicn Ck -*Y FE E

Or, r, Cvlpt; , Ge -'vrii Cs'- .- :)f -E5z ( E

On Ce~jn Ra Ed F~s (~ E .

Jc~~iiei J. i~ 11 (1 7-2 6,
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Pa rt "I

A list of pub licaol-i-rs, with comen ro.m 1946 on..
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Alaci, V. On n c I usof FEs (R)
*Anail a,. Aecid .RP. Romr. Sec. Stl. hnt. Fiz. Chim. (A) 3

(950~) 461-477.

Altman, M. Frz Involving a )
Proc.. -imor, ',mth. Sor 1 (1i ;;j~

An 'rcitir~n proradlijr: !.nw :j tiiat'i is ;s~tablisha~d to

20ri ~r t e~ r- I (i iE. , ) *

B"11 "E~9 ~ ~ ~ <~.. xlr phys 9~ (J~161 147-62.

A ~nrr:izn rnr df i Lcqvu-ra C o ~()

!BuHl Acrid. trior., . r. :,. 9 (7e)1) 581-56

Ainsisdis, J . Or the l z~r

(F)

T~he cbclv, FE is vrriv I Wr +. ,. F (I) =I ovid o,

Anghlutn. Th. The FE of brsym,--;tp/ f

*A proo if E;!v,,n F~r ?!-- Foct r rncw fMhWIit

is szdved b

Remrks on tk. F E f4 Po ?sot (P k.

Inst. Politehn. CMu. Lucrcri St:. (1959) 33-39.

The cuthor pra-v& thtt very :01oution of the
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PoIssor FE

snflifies the a!gebrcic c-,diion -rm

Thi is used to prove c evary cortTiuou? solution of the rginal
FE is analytic.

(Angheluto, Th.) C "E wis t:r, n:y;.', . (R ). *
L .o C !' , -23-30... ,

Anghelutza, T. (See Angieluta, Th. )

Arrighi, G. On he FE (I )iQ(l,}Cia) r',},-)

Boll!. Unione )4(19)255-2157,

The solution of the equotion, nved by Picrd to be csX x and
cask s~~n conrinui~-yv.5~~vn undenr the weak
condition of 0it continuiy..

Acz6l, J. The Notion or iAecin Valuj-a- ( F
Norske Vid. SeUK. for dyn, 19 194-6) 23-86.

The author Jeflresz rt-ormol nit~an voei(X1, A,1 Xb% A)
by the prow.res lynm"f'r y; in t e vao,i._ M , ,,
M is rtootcna incrasing eml; varic-Me M is continuous function
Of the 'vec.or C Xe, C ,. ".X , X.3 finol _

is symmftric in t,' iis n- vor&,! ( "Iisy n etry" ) under these
cornditions the Kokiogoroaf icqurno -ore,- is proved

wh~er'e V" is continu~ous C.-nd rnonotorne..

On Mean Valo., s o. Operotions Definad for two Var;qbles (E )
Norske Vid. Saelk. ',foxhod n ,jer 20 (1947) 37-40.

The validity of the Kologoroff-Ncqumo thorem (see Acz6. - The
Notion of Mean Vol u ) i4 proven, for the case of two variables, re-
placing the rnotonity condltion 6y the weaker candition

An anlaolgue of the "Kon roff-Hu, thaf .em is also given.
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* (Ac6l, J.) On aFE(F ).
Publ . Inst. Month. Acml. Serbo Si.-. P 91948) 257-262.

The "gew.rciz 1xd,1%

On Mean Va!umrs (2).

Let Mv4( 4, M2j Y1,X) )Alh
be a Sipc-o m-nVIun"uncin - 12 ac~,p

nece~ss.2ry cnd sujfficint co t'-w -~A~ under WHib n
cont'nuois3 :nd mcra-m, fcton f (c) Xis, So tba,1

f bairsjis "I ; ti.e au, h-r pr-v3 that the bisirnetric

invarior.? under thre exchrnge X ; - p j
15 necessary ond sufficent.

On a clos. of F-Es (0).

Com~ment. ma~th. Plely. 21 (14)247-252.

The only continuous soeluficnoif

with (

On operations &doflnd for real functiops ( F)
Bull. Soc. nmAr. 3Frnwc 76) (1949) 59-64.

Let I~ ( " 1) be such that 6q (je
Then an oXrtk G Is dafined

if 2 oiy asc-p3rconIs mono"One, continuous mid
cocative.

Aczdi, J., On the tro,,nslotion equaion ( F)
Kalmar, L. and Studlo mn- h. 12(0951) 112-116.
Wdkusinski, J.G. ThFEC (i ), j /x, ct)

is deelt with. This is or of th.-- &tv inortont FEs, since its
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solution enables us to write iterated functions of arbitrary index; using the
using the notation

the FE e VSreass the relation

Where i.- ddee by4

The authors prove the existenc of solutions under various assumtions,
Especially, under some monotony assumptions,

' I (.<I " 4.) = J- C,, J Y)4 A,
Ul-: '"lis formiula, the generali>. ' %>- iterated function of f is

'. r arbitrary reol v by

Acz6l, J. FEs in cpplled rothema;'ics (H ).
M. Tud. Akad. 1i1 Osx,'ly kzxem~nyoi 1 (1951) 131-142,

On FEs in several vr34lab !. Elementary solution methods for
FEs in several ariabls ( H).
Mat4apok 2 (1951) 99-117.

The continuous, incre siim soutons of the 'mneHn function"equation

are 1'L f#~~~
whil;, the continuaus and incr ainm -- lut nr i .

F Q~

Some FEs in crnnection with the 'naory of continuous groups (H).
Ax EIsb Magyar N tma.cikai Kongrwsnus kszzlm~nyei 1950
(Budapest 1952) 565-569.

On Compased Poisson-Distributions M1! ( E).
Actoi math. Acad. Sci. Hung. 3 (1952) 219-224,,

A FE is set up for the probablify distribution of the event that
exactly -k evens occur in the thrime interval E. ti, 41.
the a ssmption is made that the number of events in two ron-over-
lapping tine intervcrs are independaani' The solution is constructed
by induction, it contains the distributions of exponential decay and
the Poisson ditribution as special cases.

Reduction of FEs of several variabies to the solution of particl
differential auqaton



(Aczl, J.) -. y 37 rf, F Es if - 7i -; -z; tc :,-, Iutioi- of pan, ial

:27

'', r Pr-ry( )

M. T, 2. :. . AP.,i. in I,'_ bv 7 i1 (1952) 311-333.

CO n " .-.,-' 4: (P..Vi-, ; 33.-:

P~jbl. mth. Debrcen 3 ,195.195. 1 1-32.

fs 5r.,as rscnal c.es us r twice dh.raeien.n:hblp

aftif

Colloquiu.r ,?, V'-:,].. 3 -

Trarns!aiion irao R=!cm of tfl.'z, e u .'cs boveo

Outlines of a general treatment of some FE ( G )o
Pulbl, mmath. Dewe 3 (1953-1954) 119-132.

The classes considered contin certain well-know lMl inipwm-m#
lF:s as specioi cases .- thus the Jdltia theormn

awl 7* the I Al)I orfltyb of ca extc and ulm vm of the
solution Is proved. Thus, the addition theorem ha a strictly Increasing
and continuous solution if and only f the "addition function"
F (xy) is strictly increasing in both varicbles, and the associative low

A Sclution of Sona ?xoblwra of K. B*.ruk and L, Jc'iossy ( E).
Acto phys. Aco3i. S:i. Hungo 4 (1955) 351-362,

Aswoclative equations of the typeF(Ftxo-, tj - F( , u,
cr tr-eated in connection with L. J6 zsay's wcrk on an axiomatic
fouindction of probability thery.
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(Acz61, J.) Algobraical rrnarks on the Fr6chet solution of the Kolmogoroff
equation ( F ).
Publ. math. Debrecen 4 (1955-1956) 33-42.

The gene-ral solution of the FEP(5e PO 1~'~ 041 1(%'s,A
-S "- t .j'

is given under '.nore g; mral coditons thcan the solution given
earlier by Fr~chet. This squation plays an important role in
polarity theory.

or,- it'on c-nt *clon " ",:. ( G ),
P math. Deorecen 4 (95: S) 325-333.

A dition the rem s -

V LX'-,k) F I ~'-9fl a
and sue lroialon theorems

are investgated. The cain results the addiion theorem has a
non-constant GonTr,;30u5 soIi.ts'.i ;f cnd only there exists an open
interval on the rtal axis which is group ,-nda-r the operation

Furtherfnore f-w Tny so)uk I f~ ~cx
is also a solhtion., Th shrc,, ,heo.e m has a continuous solution
(which is hf'..n C-trsicfly z,: ) f on-l jnly if tlhere exists an open
interval of the rovi or wh.ch c op~ion -

k't , V
iS coniinuoi;r5 irw -sti5e1 hiV,#OF, and if inhra mxiSiS c right hand
unit e such p4

Some general methods in the theatn, otf FEs in one variable,. New
applications of F Es (.Ru).
Uspchl nat. ruuk. I1 (I1956I (69) 3-65.

Severai ciase of FEs are e <x.ari in view oi possible opplications.
Thase vary ws widely as scalr,nd v'ectorki multiplication of vectors,
the Poisson distribution, and rna-ucidean distance. In particular,
the results lead to a characierzation of the distance function

in e liptic gonetry et

*~ d XW, Y).- ch .al
In hyprbo (lic geo- n)*

Miscellanou on FEs ( G ).
Math. Nachr. 19 0958) 87-99.

Several FEs and systems of FEs ore treated, mostly addition theorem,
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Acz61, J., and On the reduction of degree in a class of FEs ( G).
Kiesewetter, H. Publ. math. Debrecen 5 (1957-1958) 348-363.

Acz61, J. Some general methods in the theory of FEs and some recent
applications I. ( H ). *
M.Tud. Akad. Ill Osztcly k?3ziem6nyei 9 (1959) 375-422.

On hc differentiability of 'he in-grabie solutions of
C ; FEs ( G).
Ann,. Univ. Sci. Budapest 3 (i)1(60).

It :s shown .jhot the integrable solutions of the FEs

e 16 6 () 1,- A( )
are differentiab5e, provided th 8 are continuous, the
G and d' 4ifferentiaele a nd A(x,y ) integrable in

y and
" A continuous in both voicbles.

Acz61, J., FF for Produci5 and Compositions
Hosszu, M. and of Functions ( E ). *
Straus, E.G. Pacific J. Math. 10 (1960).

Acz6l, J. Some general methods in the theory of FEs, and some recent
applications. *
M. Tud. Akad. III Osztaly kazlem6nyoi 10 (1960) 9-32.

Acz-6, J., The cross ratio .is solution of a FE ( G).
Golab, J., Ann. polon. math. 9 (1960) 83-187.
Kuczma, M. and
Siwek, E.

Acz6l, J. (Lectures on FEs and their applications).
Voriesungen Ober Funktionalgleichungen und ihre Anwendungen (G),
Birkhisuser, Basel (1961) 324 p.

This is the first book ever to be published on FEs ; a book by Picard,
published in 1928, Leons sur quelques 6quatioms fonctionnelles, is a
treatise on a small, but well-chosen number of FEs, Ghermanescu's
book on FEs, published in 1960, is a treatise on a special clas of FEs;
in fact, it deals with one, very general equation which includes difference
equations.
Acz6l 's book does not propose to give a general theory of FEs, since such
a theory does not exist. The book consists of two parts . the first part
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deals with runctions of one vrfable, :Se -econd with functions of
seleral vadabiwhin the firt pnrt, two cases are distinguished
according to whether the vcriables appear under the function sign
only, or al.o out!;de the function sign. One of the mot interestng
prop .rtie. of FE, namely thit ,onn e.-uotHn may determine several
unknown functionz, is given one ckopt.r by itself. Among the solutton
meithois, reduction to differential and integral equations is treated;
numerous appl icc ons to the theory of n.ears and rany other topics
o'r:- r n.

TI'.t. ,;erin iif the bw4-*& Fret that only such eqtiaons
ors, :cd where- roughly spe& ,- oh nu nber of variables is
high-.r 1han the number of vorTcA. '.,i the unknown function. This
excludes the first FE ever treated, ,nd he most important of all, the
Abel- Schroder eqiuotlon. The reason for this :mission Is that this
type of equation is much more difficult to tret and requires different
methods ( For details an thi3 problem, see the Introduction).

Acz l, J. Several new results in the theory of FlE (H ).
Acre Univ. Debreren 7 (1960).

Acz6l, J. 0r cycl:c equations ( E).
Aermanescu, M. and Magyar Tud. Akod. Wnt. KuW.."li. kz!.5 (1760) 215-221.

Hosszu, M.

A. .X , A . / . be a of vaiaoblcs with /1o. Let us denote
by:.Ltho operoton which ft. for cech variable the next one
in the cyclical arran oenrit*..,,Y,.) , Y, , 4." The FE investi-
gated and solved ,with,,ut r.otric;fn) hus ha the form

Acz6l, J. Mi.crsluncous on FE ii. ( C).
Math. Naochr. 223 , 39-50 (1961).

Bognr, Z. and On the determination o' canjuagte haronic Functions ( G).
Targonski, Gy.1. Public, Math. 3 (1954) 215-216.

Peal and anolytic part of on analytic function, u and v form a
pair of conjugate hnrmonic functions; they ore connected by the
classical formula 01 e

from the Cauchy Riemann formulae. Th paper furnishes an olterna-
tive method for the determination of v From u

where U is the complex cxtension of the real) harmonic fucntion u,
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providedl 0 is r..dc on thri rt zi oxi-, npvrt from a possible imaginary
ccnstpnt; fa.0 sk,, 92 nera~y, r~ FE

is nccw:-.ny and s Wfc!ert fo,- e ';y-knari tions .-a hold.

Blroktorvic, M, On tIho tolut-ons of a FF. (So )
Hryots~lo PVrodoo/no Drusth'o. !:rkMat. Fiz ,Astr. (2)
8 (1953) 2er?-VO.

Tho F,. flxY/%xl fj(-,< m/)a,

On corfon itcro,'vd !,equ'rn':e3 (F
Nourno Drustvo N. R. Plsna-Hecov~'ne di. 4 odlel Ionia priv.-
tohn. nauk'ai 1 095:3)1-33.

is cxarnmntd, vhmrc 1gi~ Pno-in ndf I!rod.Conditions are

On~ ciertoin Icro,,ud
C.? Pcri. ',36 (195'.) ,8-99.

(un1-i'o,. 'a ) is treo',zd by rvict~rits i to the F

On certain :, Autions of !wo FE,. ( Ss)
Bull. Soc. Mrfl,. Pii,; Serbh 6 0195y) '072-184,

Oo FE.
Gazsnilk jy~. Fz . Aztr. Dro~fro. h~t. riz. Hrvatska~
Ser. 11 12 (1957) 201-205.

Q~~~~ z ,O f1, QL -,,)]a
has la oution, under ratner gentrol cortions.



(Baircktarevi c, M. Marictori o!a ~ FE (F ).
Aced. Sar,66 Sci. pub'. fit. ?.1 (1957~) 43-52,.

The FE mnrioned in ' i tifn

~ scontant,(Z" -n le
cre ~:c'nfunctions. EAistencc uiicuoe ofs co strictly
mnotone !;olution is given u ~c! cioros,

Th e of r-,i~sH~ f 4i, tbove FE is shown
tha~~s oio,* F?.O u iansa ShovY to

~i' ...~-cr' ':'.i~~nfirmaily, a ciass of

Baker, 1~. 4osof ~ (' 31~ '1, E

C n d, r 4~ Orfl f3 h ''

h s i -6: r;;n ? , -I " Co, :1i theai'

Beilman, R. of'z~~~ u sj F

for avcvy pcsir A,B an ( A) is a polynomid! function of the

d~ 0 ~k
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Berg van den, J. On the FE co~(>4rP z ~ ) t]()

N~iu. Arcli. W1,-1. C3) 3 5,,I

A tr~ersi- of I+~e above FE,-'c brhidinr unotnt hobit
of -manry czuth.cx of 1ce4kinq foi- s'icn creasirg solutions only.
First Lcurnded soutions cre s aeicr.sorne unbounded
solutions are also omrsidered.

Blum, J.R., Asymptotic hehaviour of salsution~i of a FE (E)
Noiis, MAJ., and Proc. ariee-. mocth. soc. 12~(91 4347
Wing, G. M.

Boas, R. P. Funcics ch are cigJ cbzo;.t 5s-ierii points ( E)
Ni~a-v-. Arch. %M-sk. ff-3 1 153) 27-12.

The cond-ition th-a-3 'i) is >rd' caout the p-3inl tx is exprassed
by the Jatee FE ~ ~ f~ &
This FE is treated 1,ith rmpect to tha nature of the set of t andl
x ahu~ v-r- wh-ch it hsir-s.

Furmciers awhivjl or:s~jveral po;,n Addendum ( E),
NizuwA Arch. ik 5 (1957) 25.

Thetho oht co~ o lemma ir his pjr-zer with the above
i cifla reacs fcczn-t2 by Smr-;hIm in 1915. Scma misprints are

orrectzd.

Boswell, R. D. Contnumu. Sckutiors of Two Fun ctional Equations ( E.
Am~er. mathi. Mnthly 65 (1958) .47&.

On Two FEs ( E).

An tr. mmh. W&nflMy 66 (1959) 716.

The only' contirnuo : tie of W((~ f(/j, 1 v--4 $44)

*being rea! end A 7 0 t!s only continuou; soiution of

* ~~4AeuA)'Afr
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Carstou, 1. On , aC' tha~ m'boi ccc I cu;~ .1 F

CI~.~'jSci.Paris 224 (1947) Ji92~

Five FEs fqrz r.j h~em a difllcrar~c , v-ic~n o 7zolvix usInp~ th Laplace
trcrdoi' xm. Tths. mathod ;,'-.o~ £~ fict tiat oxistonco of the Flm~t

dov~a~;3 d to' boa

Chcundy,T.W.,ond On u. FE ( E ),
Mc Leoc,LB. ;~ J r.-'6_, 5 r" 0021

The a TH I'v ),x-

is vwesioctad. ;,crnd ,: ~Az f,',i, ond v or. unknown functions,
F %~ assumned to '0; continuou; Ti,, FE cjriss in a :vrob~ em concernn stotis-

Chocz0V4!,f On oil ;oior, 'iF:L. aU oa't n-th o'~', ( E

Contimo-iz. ofu~~ cJ ;a r&,4~~~r.010.1 :,quoiors oie inVygtood...

Buil.. lcoc Foi'/t Jciy 2 ~ 1 -2 1,.

!nte~adcing .-ie .i.'a1 ize-_' "multipli c ton" kGioup opkration)
x .L - f~ ( x ,,y)

kh~ Condcifon 01 C114ociativii' is 6 y the, FE

* if u and wa~ ciiad and sin3jle V-1IUar2 on the. canoe of xt and y

is also ai soiutio.. Sasv.o) ,Peclal cosm are tuaated end opplications DIVOri

00orOCZYJ. Romarks on FE% ( H '

2 CogmttIng.Bdp-,% (3960) 11,.



*Dciroczy, Z' Necezv.ry ,-cl sufficien.1 cai'ttlns for tha existerce of non-
constant ,olut Ions of ru nefonol ae;uatior; 0
Acto Sri. Math, 22 (1961) 31-41.

The outthrnr starts froire th;; colwvrpj rwiut of .J. Bornstein:

hosWO-1"tnt o!utlons only~ if 'f~- rioraitonth
atvthor investl.aoto, th. FE

rind w-rA, nocezir,' cird zf c ;'tan. on the coefficients For the

Dios Tovo~re5t, A. A Theareni on PRe' >'I VarblT~ Po )

Djokoytc, D. (Sou Dok#wir', D).

Dokovik", D). (Soo also M1',novic,l).S.

Doic', D,. On soi i. ' *,~*. . ':. .. re ,icu !-)the

rq oio fl'; C U' .

'<v jt-'. C) ~ 1'1)1'-;

I ?)~~ d;:h/ ;W.?:.i~ .i Pji- tho ;P!l/ 6riitiy t'jnction

~the onl.y de;..14. 'o! " n

El yo~h, E. S., n Mr A Note on k'h-F Fun~ction A% 4 b )
Levine, N. Amor. math. IMAnihly 66 (1959' ,;3.

"hc vmightod arithrti n-m- -,f e~-- ,V. Tho followingj thevom
is proven thr, or.,!y conv'ax ~,~rfu;c&,rj zoflsfying the FE

ir, the ilnezr V Ih.A )-nor'j r4-mbaI a includes, the dep-endonce
4f' arid q on vnJ i
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G~~~de~~~rn~~~~1 (15. NJ1w.Ach /.: 2); i5Z 1-

* A'f

M. Nw/ Ac- . *

Gaff, A. O~i The oia!Aicz" ME~~ ~ R

tra.;-m C5 .P;~. P.4(99)3?3n
44

CfA
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(Ghermanescu, MA. ) MsrH u-r:fcrr. FE: 1- sw/t~ri variables, F)

BuN sI, Ii,!crs10048 P4,1110

A/Vc 1zurf.-blr !cf-Alo ev;&Iypoynor.;in solut~ons, ere :ought for
n rmbor of FE,-, tmvxt of ? : 2sffcranca eqjuations.

Lic'rcr -*Es ( R)."
Ac..d. R. P. Row,. uI (i) 245-259.

Corn. Aced. R.P. Rarnam; r953) IS-/-1S92.

Thi- FEE is rrentnd tjnd' -vnt,~ ~~co result;

1. " ) iton vvh i *i
J- 0,-

Ac,>Ar :0 P. R- o7.;Y2

Th,-) FE

- n is he h-t

is~ peji to~& V A p C'!r "s ,;-)C**~
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4

(Ghermanescu, M. ) On FEs in two variables (R).
Acad. R.P. Ram. Wv!. sti. mct. fiz. 7 (1955) 963-975

Sixteen results nra given concerning a number of FEs, all in two
variables. The results are quite general, :inc only meaurability
of the solutions Is required.

FEs with n- periodic functioncl erurpment I ( F).

C.R.Aced. Sci. Paris 24-(1" v-13-1595,

Theorms on 1he oxistence of solutionz f.. the FE

~ri r; h-c F ;.- unk~no'wn, "9- is known and .A danote5 Its
e-l f. ;crat; av "s known and m;ht also be identically

zero. Finally, "%X (. _ i, an.,Jmerl

FEs with n-periodic functional argument 11 ( F).
C. R. Accd. Se.. Paris 244 (1957) 543-544.

A continuotion of the First rrt. Existen,e thaorerns are given.

A crss of linear GFE (F).

C.R. Acad. Sc!. Paris 2A5 1957) 274-27/6

The Fe +re> cil(- v (2
is considered; P is cparnt in c. mruitidmeflsIonal space; JA 60')
os uual th a Iterate of &9- ; the coeffic'ents satisfy

i.e. they are invorlants under the ,ui.titution
ov- generalized periodical functions in the sense of Rousenberger-. //
The characteristlcquotien

,is then defined ;Wcih solution

;s anso cn ivariant undcr the sulstitution A,9f . These solutions
are u.ed to construct the gencrGl so!ution of the FE.

Lineae FEs with t,-periodic Functional orgument ( R).

Acad. R.P. RPomitne Bul. St. Sect. Sti. Mat.Fiz. 9 (1957) 43-78.

The FE

is studied; the are constants n-perlodicity of is defined by

The inhoegenus case



Is also r~t~: P is a pr,-nt in ,3 muiltidl-mconov space.

(Ghermonescu, M.) Doubly autonm-pht, Functlonr. ( R)

Acad. R.. P. Rornc Bul. Sti.Sec. Sti.jVot.Fiz, 9 (1957) 253-260.

These functions are defined by (? i,~ ~i( p
WU '\.91 ,. 1 must satisfy variOUS

On the F E of Cr''jt.hy F :)
24A 1 Mth. Soc. Sci. Ah.Phy's. R, P. Rownamne ( N. S.)
1 (47) (1957) 33-46.

Ncwn~evAd are +wito :v!v th-,, Caychy c vation,

* asurrning fhrj;' hosI ra we -rilirriou:, res;0. measurable. Sorno

Acrid. R. r. C, rc MAat, 1iI) 3-2

The F E ~-(j~)~ i /~ (P27= 0
is 1ivest!'7atc-1; a re ~'~w:functions, the 4%

are ti-e !feraks; of t~ie uni~,.wn fC'M r 'e an P is o point
4 in fnultidimensonna' spw-e. 'rhoa ore cssume to be cutomorphic

invarianis with, re-,pect to r~e .

On the fun.-?ioal defiition. of th~e tr5oorc functions. ( F)
Pubi. mrath. DNMrocern 4 (0957-#159) 93-96,

A simple method is given to solve the FEs

Cofltinuo',js monoton~e solu! ions are

-* - O~ o Y, resp. R al



(Gkermoanescu, hA. ) On a clv~~ ), F i ( R

tneigu~s varlzus ccsla Ih F

ileit of 4 C .;Cj hj cs

Gotabncr S.o the Cc,-- ~ (G~

Theet tc FE ~~4

anc~ e~Iisedis

C~~oreb,~~ S.a Onuheofrbel umiw.
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(S~a~ alsoi th T"Ix

On the lqws-ii 7  x) w )w.~ f
Ann. ce'!0n, moith. 6 #V1%9* 1-1-3

Where P ! a, comrmk-tck,d f'incl-sr. ovi-f~hc property

a ,. u r. der ;.*rf tr - n~ rz-nA m V Vit cr o F x.

Gorob, S. c d On the FE' j<
Schinze!, A. q yI)Y) (.

Gu e* -. .: 3..w:.

rrm~~40 1 1'.A."-

MaIt 0.O he/5o

Hapei, 1. Nan /t

Soe zivaryrf.i, Ca-.Oto

Best Available Copy
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J..

Hopf,E. On~r.~of -il 'ovl:Un~'~~oi rctionsG

The cl-s~icoi resuivn on ;!i FE y)-L 1 x)7(

are the *--Cse %-.1 se i-xh of Ot Y~E a~e rsducpd mco I
A rarufll. cf vuhiiocc~~ 'ch lh gfoph of f elther

y rev',',' Io- T i iK o - 'f lee-s~o nd of i t rionometlIc

Hovah,.No te r, n c o.%i of L. F j 7 ,

Let j ( v me-a vokya function,.
Condit~nns twn r-a 1"li.

Hoss,M. ~ e - '6.

Hossizul.M. On iha FE of H

oreF
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(H4oszu, M. ) On 'ibh FE (, TT-c-r4;vty E )
Acto 5,,i ,-_ Sz.- ,eA 5 (" ' ' ' '  ' '  '

vx t 'Jt
of ,pera ns rc-ol i:. it xvitirt udng t. .

On the FE of Autodistribuiivity (E)o
Publ. math. Debrecen 3 0953-1954) 83-86

The monotone and once differentiable solutlom kfad
of AMr- f14 7 , t 3 M Aq1V Ia eL~~.)j

w''h

P~l Mt (.x ci 3 !'::)2.i 4

-j

' "° -o

L~

R raak on n popir by H. Wurc;4 "i Ca FIE in the Thory of
hootcor.e u,*..n " It is shown Cc" ;Wudt, H. !ht the only

differpntiab!e solution oF the FE

is clsi:

Generalization of son- FEs with several variables (H)o
*Muwar Tud. Akd. Mat. Fiz. Oszt. Kezl. 6 (1956) 439-44"9,,

This i a resum6 of five papers by the author publised Wve
1953 and 1956.



(Horzu, M.) Unsymmetric means (H).
Magyar Tud. Akad. Mat. Flz. Oszt, Kazi. 7 (1957) 207-208.

A continuous unsymr.atric, quasi-linear Interior mean Is a continuous
function of the form

jI:> , q9>o 0 1=
A ;ur~iber of conditiorm in connection with theorems on such meom is
modif-d, wft- raferemca to previouo work by other authors,

IJniymr, atrlc r.;eons ( Ru ).
Col ,uxun icth. 5 , !957-1958) 32-42.

A R.ssian vors~on o* .Na pracaJing paper.

A Conoralizotion of ;4he FE of Distributivity ( E)
Acto sci, math. 5zar: -. 20 (1959) 67-80.

Introdicing the 'addition" x+"y = F (xi y ) and the multiplication
x y l}t (x, y ), the d lstrlutive condition (x .y),i - x'iy z

is expr'ewsd by the FE

This type of FE is dlc-issed in detall with some applications.

Generaliztions of the FE of distributivIty ( H ).
Nehtzipori iomzaki Egyetem kazlrnmdnyel 3 (1959) 151-166.

A Hungarian ver3ion of the preceding paper.

Nonsymmetric Means ( E).
Pubi. math. Debrecen 6 (1959) 1-9.

On the FE of translation (H).
in 2me Congr. moth. hongr. Budapest 1960 II '0.

la Iucu, D.V. On a FE (F).
Mediwmlc Clul 1 (24) (1959) 11-26,

The FE J/K4 $)l '

and its analogue for determinonts of higher order is trented,
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Jamm-Levy, J. On the problem of general anamerphosis ( Ru).
Dokl. Akod. Nouk SSSR ( NS ) 113 (1957) 258-260.

If the functional relation

can be written in the fem

d2>4)'t~4.) 41

a nomogrom con be constructed to "wlv3" ths equation, i.e. find the
value of one veriahle if the two other3 r-r given. The functions

I4P % J2. f determine the scales of

Jandk, B. On the method arnalou us to that of TI 'itceff and to that of the
tangent hyperbaiv, for the opwtoxima'- ution of non-lInear FEs ( R).
Stud. Cer. Mt. Cluj. 11 (1960)299-3405

On a new generalization of the thod of the tangent hyperboles for the
solution of non-linear functional equations defined in Banach Vpces ( R ). *
Skid. Cwr. Moth. Clu. II (960) 307-317, aim puldidW In 2.coompe
Moth. hony. ludapest 0~9OO) V.

'76"t, J.W. (See Seebeck, L.L.)

Kalmr, L. (See Acz6l, J.)

Kutelman, H. On the FE f(x+y) = f() + f(y) (E).
Fundamenta moth, 34 (1947) 144-147.

A simple ioof is given of the classical result of Ostrowski that a real
solution of this FE Is linear, provided it is bounded on a set of positive
MeaSure.

Klmewetter, I1. (See also Acz-l, J.)
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Kiesewetter, H. Structure of lin&rnr FEs in connection with the Abel theorem GC)
Z. rai ne angew. Math. 206 (96$1) 113-171.

Linear FEs of the form

ere. investigated A sp.ciaI =aas is

2 ~ 2JL~50 , , 2 /

whicn for p= I 6aora thp 'ddi :on 1.-xram in a sense different from
thie generaily used notion)

under sovie re-strictions slwo hown chka-dy i Abol *hat M)hcs n non-
trlvic solution ^M ad onl" ifthJ ow'o

,s ssocinti,, Tho --tistmrica oiF -olut*-ns of 1P) is thu linked o the cga-
becic prpeti nerasted by -"KL)

For the more gancxcl case Cl) +.c- notior of group had to be geryrizgd for
commutcfive ajnd ejssonl;-la oive a~b.ricS siT,"zz'tras wherea ./o simuitcrneos
operations between -?tt akmeants exist
The poer is etsentic 1, - da',ota4 to the asisoclative and the cyclied pro
peries of the 'carnmnt fu.mctiorn u-he rasults -are described in
ternis of g=mZici els acs sphtricn! trigoco~1~y., A bibliography of
35 relevant acpezrs zp ooois is gi*ia.,

Kordylewski, J. and On some linear FEs ( E)
Kuczmo, M Ann, polon. macth. 9 01960) 119-i36

On the FE

F*x (P Lk > {E ;C! 914 4) 0.

Ann. Polon., 6ah 0~(960) 55-,60,,

It is shown thant, urnda- not too zzvoe can.4-Manst tNs FE has an infinity
of continuous aui,



(Kordyiewski, J., and On = ,a 4no F i (a)E

T'-t FE CIJ- },:k) -6 b I

ic- the unknoc"" n '(c) is in his in-kerv'cd C-,

Ty asui-

KuAmf M.

t! Si 7
L.

IL\

Kuczmo, CIS ;-J-'Col 1.1g~ :~g

0,,reZl;' ;.z:' VE nqv

KodyrwsiIntlnuzis so!--oions o.'ih :

* ~withi -kh fujnction '

Sufficien? co !iP',on t~r sivon for tie -x~stjnc* of a solution.

Kordylewski, J.and On some. li rcr Es 11 ( E). *

Kuczmo, M. Ann. polom.. v!Ath. I1 (1960) 20.3-207.
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* ~Kuczma,, M,, (See ueka Acmil, j.,Kry~,J

Kuczma, M. On vnmva :,,i -'S'

Pub!. 6~ flec 9 59) 40L-/7,

coniton -,rdv ,Zo-. -S Vvd -a

'J7\(K~1 ~ fl~~ , ~J ,i~raover,

OK doi"In "h n I -*;x i of , Unecr thswt cond~itions at
mfrs oni c*Ir~Ne:4 S I. cFUM!-' brive solution !tis

Tk pm'l:r my Li f3 r- a Of the FE

is- -I. only convoxm* uion

On Cho FE

x) and F c)ro coireui in iha--oei intaevaI Ccbj, and
/ x) is Stricoy is)g t~cra enists,- aIfini~te numbw of solutions

continu~yus in t'oa eupxn itrcil ( kAi-a not~ rwev thcn on* solution is
continuv cl- -s
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(Kuczma, M. ) Renmrs on some theorem of . A mtstrs'lrdis F)

Monoto~nic sol-wions of thrz. FE

are sought which taike a p-mscribed volve~n r, g ivien point, The. result is
relotsd to the Setc furiction.

Ganerdn1 so! ution ai a F ( E)
Ann. Folon. Mzth. 8 (19-60) 201-207.

This FE 13

On contini.'yjs solutions of a FE ( E)
Ann. Polor, meth, 8 (1960) 209-21C,

The FE ~(- ~KL~/j

N~ solvad ror (x) undear spoecki c!

On the femr of sol iiens -or sorra FEs ( E)
Ann, Poton. nwith, 9 (1960) 55-63

Remarkson sorm Fs ( E 1.
Ann. Polon. mazh. 9 1 1960) 277-284,

Kuczma, M. and On the FE
Vopenka, P.

Ann. Univ. Sci, Sudepost Wti~ndo EtW3. Sect. Mnth. 3-4
(960-1961) 123-133.

Conditions. -a~ git. n undecr whch a conl-inuous salution exists.



(Kuczma, M, )A u n u or i w-or i,;r 4r r F E r;)

I? i yr.: Iat undr ":"a ~ J~

Dnth/lrox ) 0j (, "

(7>.jr fo

V- F/< E

is ~~ /i so'--diaztva
Iti 0h"S. ' r /ni~ 3UYrb -cod' on ir/inil *-n ir

ineasig and cotnau ouios*,s r

i/a / 7iY .C/opy, 
j



QKuczmae, M, 5 On mrovn,2 nic- soiutkmrs of c 'FE I., I6

0n iono ?Es coni-ciane i4.i(' ,ub~t unctions ( .
Ann pzc-n. U~' 9.51)%3 1-5

Kuve~c~ S.On

-nz c~s. L~uziso z.~irtt~V 2) 11 g19,56) 3-5.,

The solution's 0ft o!-s 4 zjisCt

Y4 vfA/ ~ 4 7 4Piit 'f~~z %~~)='> t

td:rbC4?rOfl3 ; tilos c±e fg&h3j unknow-n Function
4~ wssul.ac vo* IL0

On sams IFEs In rBimch spo,.- (P5
Stud, rrcth.. 19 (1960O -i49-15E,

On the FC

*Gksn. nst,fiz..ostr, .USo!. 15 Q960) 3h-48,

The explicit sdlution of the &o't'o FE ris eiven in tvnis3 of exponential
Functions.



ii .m ~ -and

Onfu-Iti-is fiv, * an .9lria acito w

* Th iv:pict d,7iln t~xn in ~ tva vstYTnbiz

is te'ia,1 L"" i cj x-ynaraicl cn~* ura~ to bo c-nclyt' c inl both

Lombok, J, (See Mor, Ll)
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Levine, N. (Se. Elyash,E S., 

Mc Leod, J. . (See) Chuny,T.,V/..

Marts-BiddauS. On the characterization of a class of functions I I ).. '

Co!!ectnea moth, i no,, (1948) 67-84.

Meyn;eux,R, On u ch' out tI!i anclyticity of the solution of a FE (F).
CR. Acad. Sci. 254 1962) 3301-3303,

No: results on thet pk,.ce -wie anrlyticity of the solutions of the FE

awe given.

On onalyticity of ;e co.,t;nr;ous rluions cF ti FE i F )
C,R. AcA.dScl. 2.5t 1162' 413-4.414

lkUSrikiJ. C (Sad also AczlJ.,

Wvkusi:'s"dJ G. On some FEsF).
Annoles Soc. Pal. Pkth., 21 (1948) 346

MltrinovieD.S. On a process furnishing FEs the continuous and differentiable solutions
of which can be determined (F ).

Publ. Face Electotochn.Univ. Belgrade. so-, math,, fiz. No. 5 ( 956) 1-8,

The FE

is solved. besides this the paper deals with some dlfferentlal-functional
equations.

Mtrinov!4,D.S,ond On certain FE. the gvneol solutions of which con be determined CE )o'
Dokovic"D., Publ , Foe,, El ectrotechn, Un-v, Belgrade. sr mo nth,, fiz ono.o 61-64 (1 961I) WI.! ,
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Mitrinovic, D.S.,ond On a cylic, non-,Jn..iiyr FE (F),
Preslc'S.B. C..A. Acac. Sc!. 25A (1962) 611-613.

The FE

_i /:x i'x,,2 -, .5r24 z.,,

where F is known solutIon of a, cyclical FE Is given in terms of
orbi;rory functions.

Morgantini, E. On oqutlon in s!: v'rkbies whiclh cn be rprosented by a pointnorarph n

R.C. Som. trit, U:roi-, o. 17 (1948) 115-138,

4t

Mycielski, J ,and On n probseni of prob:i.b'iI/c lculu ( F)
Paszkowski,S., Studcla mvth 15 (156) 138-200

The motion ol a molecule o a str6;!ght linv is considered by a
nmethod involvir.g FEs.

Milkman, J. Note on the FE

Proc, Amer. math. Soc. 1 (950) 505-508.

Solution of thosa FEs ai-, given undor assumptions on the set of which
the functions are defined..

The Logarithmic function is unique ( E).
Math,, wig. 24 (1950) 11-14.

The FE b1/ ) + () +/x / ) F

Is treated by reducing it to F(v.) + F(y) Fx)
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Lombokc, J. Pra 1'. S 4 -Z'~

MdO - ou x-N rr ,,I~ t'~ *g 3 ~

5- n-e jr p:~y Eve ntegasr c-.aurnn

MitrInovAc!I#. ) ': On cm ;ci C! -Z nf :E F

Dflcv,-D C R , 61 t8

c"!mvdc ccns'-rio of ~ olis de~ima

Norris, M. .. ~ zc

ressik~, N. On .W McsofJ

rentl!t~lnan, T. Ca cwijmu5 sv c~nio~ c- -a c~~J -dEti

(9 hoatc rI~toya OIj



-l c! -C 6,.

[cexraam NI, On 7-c;~i~ e Rim%*
12!491 18*-i !Qrasso

'-si 0 1)Cu-

F-,e3,.~ ~~~ Cjl5, .N! vin) ,

O~ n F-

NUsiS B . :,a. Relmd l' Sz 14.6 -C

Tkho enrolli solution d~' th -doa quailon 's given cs vdla examples,

Redstramr, H. Some elemantacy FEs cad Heblfs, Fifh pM Sw)

Novd~isk. ,cit .Tiesz. 3 01255) 129-147,

In the contao~l rgivon in theo t~le O FE
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The sovl' !/; a ('E-I
No A S:,- E ! A 6- I-:32



* R&hofffer, R~vA, klov*- of -iii E
J. i*4 'A-ch , Anol: 1 5A) 271-2-r?

msfe-rd of~~h stfll- Siton y ;-,P ericsm 'h o unth-

IK ,j ) ;:/ (J ,, I
for 0 - - c -C;.sF. ~c t , c -ul -r dt o

C). ' I, o,2 .-- : 01 '7 -~~3O "C I-"t I CIU 1

* R,-;nyi A. of t osi crs FES H

Pobinfson, R. MA. A1 cuic:I~ Zi y 1

4, - G*i -t. * 4.c, IAoi r ont and r-ic4

Roselboun, o(. i~l A HE sins.n'- (J"r~

r. m i - 16 ri-IzFE



*ha and > 4f le only 5soloutons

for ami , c, c , c-x

onre L--olljkor~s "',

~~~" Q~~d r~bre veclo'- .i; ~d C c iven so-

zain Jua,(. 7. o- oz o ~

L/ nN

n is- everix I- o ra sc e ui.o izj , n is -- Un ev

5-, vi!

SacibockylL. cni A dae'; opmt~nt of ~ ! it ion cape. ,E)
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eStomote, I A cdoss of mean Fornv-ulz ( R)
Corr, Acad. -R. P Reomi're 8 -(9 53) 19-22,

A ,wbr of -:nearis valus, dh orezms is g..-oni rricclly Interpreted In terfls
of flangzn;r, to - para ntrically given - curves,

On a pI-opert/ & t-v pCVC.oLej and ?he solut-ion of a FE (R)
Lucr lt n rs! o t C i,( 5 116

Rernarks in connection with FEs ( f).

On the F E

(.R)

* Lur, tin, in?. ol t. C uj (159)111-118.

The solution far the,, above idd ition ilheorem- is Sivan,

Contributions to !e iniegration of' a FE ( R
Lucr sHIl. list. p:oi lht Cluj (1960) 47-51,

On a class of FEs (R ),I

Gcz.rmat.-fiz. ( I. 1 0 (9 60) 5 8,-/-59 F.

Straus, E. G. (See A=61,11.

Szekeres, G. Regular iteration of neal anr, compiex Functions (E
Acta.mmfho ICO (195"9) 200'258

Thes paer is devyed to, the solution of the Schrider equation

(x



N- reaVilt vic. .".z of rci--i , ipl Itior Indices,
i~~n l provides a ~oto, krcrici71oih dructlo1

SI n'..

a in b o n e, a4 -a o,' x0 , whaeo can be

)-Ovod oxn.om Me

IoUl foe/,Z X .f. - ~r erpv~i~t

ThiomnH P.n !7; ni -ji c ra
4-C 6'VJ:j d

GOON 1~;t f~2r~f"?'l~int~i~
\e



- 71 -

(Thiaf moniH On) 0 -rr nrdzod Cauchy ":ES E
/,: r. r , P~hi nthly 56 (1 9,) 45 -4.57.

644

If~ -ie unider the i o tb

(,- . ) " o-- e;

Th. ~,rj!ofuion ? i'xns oul, to

0,",;alr of FEs E ,

A> r on o E .

.T ; -t';/

Arr.3,. J. iN'W,' 73 "951) ,,82-/,.

....... a r u r v.iiich cn ,o,, ot.on between real
n- ' x * y :- ( x,y) can ba written in tho form

t,4



h ~ / 6?~ Y.S:~7C7 -:

Vi., ~ ~ ~ / I P rw -

oil$ J~~~, vp.& hiaadbAlfnto

, nr ls *. ~ ~last, -r J;ivli. i n am o b.. Ally functiom.

* cnid rdi'c interc!N

Vincze, E, On the '.;hcoa terlzWor. o as ltaivv funatior,, of sevmol vcirkcbles G ~

Th
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ony continuousz, s~rjc~ly mono tone oss*ooboflv0 operation is general ized
te, imulkoruowis operotior4 on 1-./ voriol0; t"o different types of Foe-
CAUIO lac ccordingj to vwhathar -h. is oddI or even.

Wuindi, H.) On EIn zeth.to of h o codcto -bG)
Z npw.o ]2Pbys. 19) 172-175,

~' ~LN ,

;z in.k Tbt .he mor je t For(ontle solutctionl ouinsgvna

WcnJ..(e VilnArIA. Co nr) a~uI.

Wl rg, G M. See lumJ.R.
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Young, . The Inr F (E)

This ts o conc,:j pro that 'wvery boido4 "oluflon rf tho FE

is of the form

- -- - - - ----------

4p


